HYDRODYNAMIC STABILITY THEORY

Answers to problem sheet 1. Linear stability.
Q1. Linearising about the trivial basic state, we write
u=0+0u+---. (1)

For small § we have sin(u) & du+O(%), so at O(d) we get the linearised equation
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We now do a normal mode analysis, settin
into the linearised equation gives

u = u(y)exp(st). Substituting this
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(s—1u = ﬁﬂ”’
@'+ R(1—s)u = 0.
This has a solution of the form
2 = acos(A\y) + Bsin(A\y) with A\ = R(1 — s), (3)
in which a and g are constants. The boundary conditions u(0) = u(n) = 0
impose « =0 and A =n forn=1,2,---. Thus we have
n2
R(1 —s)=n? andso S:I—E. (4)

From the sketch, we see that the base state is linearly stable for R < 1.
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we define the dimensionless quantities
. d? . d
2=2 D=dD, a=da, 3="and &="w. (6)
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Substituting these into (53) gives

D2 & §1[D* a2 [D* & sk a2agfBk .
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Dividing by «/d, multiplying by d°® and dropping the hats for clarity, we get
{Dz —a’® - s} [Dz — az} [Dz —a® - s/P} w = —a’Rw. (8)

in which P = % and R = 24298
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Q3. As usual we perturb the basic state &g = n by writing ® = n + d¢ with
|0] < 1; and we seek a normal mode solution with

¢ = cos(k&) F'(n) exp(st). (9)
After substitution into the Eckhaus equation, we get
F'+F|¥R-KR-sR-k]=0. (10)

The solutions to this that satisfy the boundary conditions ¢(0) = ¢(1) = 0 are

F(n) = Asin(nmn), (11)
in which
n*n? = R(k* — k* —s) —k* with n=1,2,3--- (12)
The flow first becomes unstable for mode n =1 at R = R.(k.), where
2+ k?
R.(k.) = v (13)
The minimum occurs when ‘2—1113 = (. To simplify the algebra define p = k? and
consider C% = 0, which leads to
p? + 27y — 7 =0 and so u:k%M:ﬂ[\/leﬂ*?—l}. (14)
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